In 1945 Yves Le Grand published conditions, now largely forgotten, on the 4 Â 4 matrix of an astigmatic eye for the eye to be emmetropic and an additional condition for retinal images to be undistorted. The conditions also applied to the combination of eye and the lens used to compensate for the refractive error. The conditions were presented with almost no justification. The purpose of this paper is to use linear optics to derive such conditions. It turns out that Le Grand's conditions are correct for sharp images but his condition such that the images are undistorted prove to be neither necessary nor sufficient in general although they are necessary but not sufficient in most situations of interest in optometry and vision science. A numerical example treats a model eye which satisfies Le Grand's condition of no distortion and yet forms elliptical and noncircular images of distant circles on the retina. The conditions for distant object are generalized to include the case of objects at finite distances, a case not examined by Le Grand.
Introduction
What conditions must an eye, or the refractive surgeon, satisfy so that a clear image of an object is projected onto the eye's retina? What are the conditions if the image is to be not distorted? What target conditions must an optometrist aim to fulfil if he or she is providing the eye with a spectacle lens, telescope or other visual aid? In an account, now all but forgotten, Yves Le Grand presented such conditions for a possibly-astigmatic eye and for distant objects. That was in an appendix, entitled Le calcul des matrices en optique, in the first edition of volume 1 of his Optique Physiologique (Le Grand, 1945, pp. 322-328) . The appendix was also carried in the third edition (Le Grand, 1964, pp. 374-381) the English translation of which became the well-known Physiological Optics by Le Grand and El Hage (1980) ; the appendix, however, was omitted from the translation.
Le Grand presented his conditions with almost no explanation or justification. Close inspection reveals, however, that his conditions are not entirely correct. Accordingly the purpose of this paper is to derive the conditions under which sharp and undistorted images are formed on the retina; distant objects are considered first and the results are then generalized to obtain the conditions for objects at any distance. The optical model used here is linear optics and the mathematical tool linear algebra and its matrices.
Gaussian optics is a first-order optics in the plane; linear optics is a three-dimensional generalization (Guillemin & Sternberg, 1984, pp. 7-34) . Both appear first to have been phrased in terms of linear algebra by Smith (1927 Smith ( , 1928 . The matrix treatment of Gaussian optics has since become well known generally and in connection with the eye in particular (Arsenault & Macukow, 1983; Blaker, 1971; Bourdy, 1962; Brouwer, 1964; Das, 1991, pp. 7-55; Ditteon, 1998, pp. 167-202; Gerrard & Burch, 1975; Halbach, 1964; Herzberger, 1935; Klein & Furtak, 1986, pp. 151-183; Lipson, Lipson, & Tannhauser, 1995, pp. 48-70; Maréchal, 1956; Ogle, 1936; Smith & Atchison, 1997, pp. 752-772; Torre, 2005) . The matrices involved in that work are 2 Â 2 and astigmatism cannot be adequately accommodated. The 4 Â 4 matrices of linear optics allow for astigmatism (Bourdy, 1962; Guillemin & Sternberg, 1984, pp. 26-28; Smith, 1928) . They were introduced into the literature of optometry and vision science by Keating (1981a Keating ( , 1981b and later used by others (Acosta & Blendowske, 2007; Harris, 2001 Harris, , 2012a Harris, , 2012b Langenbucher et al., 2004; Langenbucher, Reese, & Seitz, 2005) . Called by various names, including system matrix (Keating, 1981a (Keating, , 1981b , matrice de transfert (Bourdy, 1962) , and ray-transfer matrix (Torre, 2005, pp. 59-110) , the 4 Â 4 matrix will be referred to here as the (ray) transference.
We turn first to Le Grand's conditions. We then examine the ray transference and its relationship to Le Grand's matrices. From the transference we obtain the conditions for a sharp retinal image of a distant object and show that they are equivalent to Le Grand's conditions. The transference leads on to give conditions for an undistorted sharp image of distant objects which we compare with Le Grand's conditions. We specialize the results for images that are sharp, undistorted and unrotated. Finally we extend the conditions to cover objects at finite distances as well. A numerical example presents a model eye which has distorted retinal images and yet which satisfies Le Grand's condition for images free of distortion.
Le Grand's conditions
Following Smith (1928 Smith ( , 1945 and Ogle (1936) , Le Grand (1945) begins with 2 Â 2 real matrices for analysing systems in which astigmatism is unimportant. In order to accommodate astigmatism in the theory Le Grand then generalizes to Smith's (1928) 
Bold-face upper-case letters like M are used throughout this paper for square matrices. Le Grand uses M for M and vertical lines instead of the large brackets; otherwise the symbols are the same as his. Le Grand (1945) offers no explanation of matrix M beyond saying that 'The 16 terms of this matrix include four powers (a, b, c, d) , eight numbers (e, f, g, h, i, j, k, l), and four lengths (m, n, p, q)' and that 'there are six relations among these terms which reduce the number of independent coefficients to 10' (WFH's translation). It appears that Le Grand regards M merely as a convenient scheme for calculating certain optical properties and for obtaining the conditions under which retinal images are sharp and undistorted; and as having no further significance. In fact, as we shall see in Section 3, M turns out to be the inverse of the ray transference of a system and, as such, is a linear operator which gives the incident state of a ray traversing the system in terms of the emergent state of the ray (Section 3). Le Grand does not hint at this interpretation of M.
For a refracting surface Le Grand writes the matrix as
where scalars A, B, and C are what he calls three powers of the surface. For a refracting surface of principal meridional power D y {u} D z {u + 90°} (the notation was introduced in: Harris, 2000) , that is, D y the power along the principal meridian at u and D z the power along the other principal meridian, he defines these powers by 
Le Grand (1945) refers to this as a displacement by reduced distance d 1 , d 1 being corrected to d in the third edition (Le Grand, 1964) . Suppose a compound system is made up of two systems S 1 and S 2 in the order S 1 followed by S 2 . S 1 and S 2 have matrices M 1 and M 2 , respectively. Then the matrix of the compound system is given by (Le Grand, 1945) 
This generalizes for a system compounded of any number of subsystems whose matrix can be obtained by multiplying the matrices of the subsystems in the order they are in in the compound system. If the structure (curvatures and separations of surfaces and refractive indices) of an optical system is known then the system's matrix (Eq. (1)) can be readily calculated by means of Eqs. (2)- (7). In particular the matrix can be calculated for an eye or for an eye with a lens or other optical device in front of it.
With no explanation or justification Le Grand (1945) goes on to assert that, for a distant object and a system with matrix M given by Eq. (1), the condition for correction of astigmatism is
x 0 is the reduced distance downstream from the system to the image plane. We shall refer to Eqs. (8) as Le Grand's first condition. The system in question may be the eye from immediately anterior to the tear film to immediately posterior to the lens, or it may be from immediately anterior to an optical device in front of the eye to immediately posterior to the lens of the eye. In either case, if the system satisfies Eqs. (8), the pencil of light leaving the lens is stigmatic; the eye would be emmetropic if the reduced depth of the vitreous chamber was equal to x 0 . Although sharp if Eqs. (8) are satisfied, and x 0 is the reduced depth of the vitreous chamber, the retinal image is usually distorted. For example a distant circular object would map to an elliptical image. For the image to be free of distortion a supplementary condition is also required. This is given by Le Grand (1945) , again without explanation, as
Eqs. (9) and (10) represent what we shall call Le Grand's second condition.
The analysis below will confirm Le Grand's first condition. On the other hand we shall find that, in most situations of interest, his second condition is necessary but not sufficient. However there are situations in which the second condition is not necessary; systems exist for which his second condition is false. Below we shall derive the first condition and the necessary and sufficient condition for sharp and undistorted retinal images.
With minor exceptions all of the symbols used so far are Le Grand's. They are retained throughout the rest of this paper to distinguish his concepts from other concepts to be introduced below.
Relation between Le Grand's matrices and the matrices of linear optics
There are strong similarities between the matrix used by Le Grand and the ray transference. They are not the same however. The transference is a 4 Â 4 matrix S, like that of Eq. (1). For convenience the entries of S are grouped into four 2 Â 2 submatrices A, B, C, and D as follows (Guillemin & Sternberg, 1984, pp. 26-28; Torre, 2005, pp. 118-132) 
S is symplectic (Guillemin & Sternberg, 1984, pp. 23-27; Torre, 2005, p. 2) . This means that its 16 entries are not independent but related by the following three matrix equations (Herzberger, 1936; Kauderer, 1994 
I is an identity matrix and superscript T represents the matrix transpose. These and other symplectic properties of the transference are summarized elsewhere (Harris, 2010a) . Note the distinction between bold-face symbols like A, B, and C, on one hand, which represent square matrices, and the light-face italic symbols A, B, and C, on the other, which are Le Grand's scalars defined by Eqs. (3)- (5).
For a homogeneous gap of reduced width f the transference is (Guillemin & Sternberg, 1984, p. 27) 
where O is a null matrix. Eq. (15) is identical to Eq. (6) except that there are no minus signs. For a refracting surface the transference is (Guillemin & Sternberg, 1984, p. 27) 
the dioptric power of the surface being represented by the symmetric dioptric power matrix
C is the divergence of the surface. The bottom-left 2 Â 2 submatrix of Eq. (2) is the dioptric power F except that the factor inserted, are equivalent to Fick's (1972; Blendowske, 2003 ) and Long's (1976) equations for the entries of F. Thus Eq. (16) is identical to Eq. (2) except that the bottom-left submatrices have opposite signs. Lastly Eq. (7) is the same as the corresponding equation in linear optics (Acosta & Blendowske, 2007; Arsenault, 1980; Torre, 2005, p. 113 
except that the order of multiplication is reversed. The inverse of the transference is
This is readily confirmed by multiplication, the use of Eqs. (12)- (14), and the definition of the inverse. It is evident from the observations of the previous two paragraphs that Le Grand's matrix is the inverse of the transference, that is,
Inversion reverses the order of multiplication (compare Eqs. (7) and (18)) and accounts for the difference in sign of the top-right and bottom-left submatrices (Eqs. (6) and (15) and Eqs. (2) and (16)). Hence, comparing Eqs. (1) and (19), we obtain the following equivalences between submatrices of the transference and of Le Grand's matrix:
4. Condition for sharp images of distant objects
Eqs. (20)- (24) allow for translation between Le Grand's symbolism and the symbolism in recent usage in linear optics (Acosta & Blendowske, 2007; Harris, 2004 Harris, , 2012a Harris, , 2012b Torre, 2005, pp. 118-132) . Turning to linear optics we now develop the conditions for focus of distant objects on the retina. Eqs. (20)- (24) will afterwards allow us to relate the findings to Le Grand's first condition, namely Eqs. (8).
The transference of a system is a linear operator that changes the state of a ray across the system. We write
y 0 is the state of the ray at incidence onto the system and
the state of the ray at emergence from the system. q 0 and q are 4 Â 1. _ n 0 and _ n are the indices of refraction immediately anterior and posterior to the system respectively (the dot serves to distinguish these symbols from Le Grand's n (Eq. (1));y 0 and y, each 2 Â 1, are the transverse position vectors of the ray at incidence and emergence respectively; and a 0 and a, also each 2 Â 1, are the inclinations (also called direction cosines) of the ray at incidence and emergence.
With S substituted from Eq. (11) into Eq. (25), together with q 0 and q from Eqs. (26) and (27), we obtain two equations one of which we need below, namely
Rays from a distant object point all have the same incident inclination a 0 . If the system happens to have A = O then the emergent transverse position y is independent of the incident transverse position y 0 . It follows that all rays from the distant object point will emerge from the system at the same point. We say such a system is exit-plane focal (Harris, 1999 ). An emmetropic eye is an example. The optical system in question here in the case of an eye is the whole eye from just in front of the tear film on the cornea to the retina whereas in Le Grand's treatment the optical system excludes the vitreous. Consider now the optical system used by Le Grand, that is, the system from immediately anterior to the eye, or from immediately anterior to an optical device in front of the eye, to immediately posterior to the lens of the eye. It has transference S given by Eq. (11). We extend the system by appending the vitreous chamber whose reduced depth is f. Thus the extended system S E is the whole eye with or without an optical device in front of it. For the vitreous the transference is given by Eq. (15). The transference of the extended system is then given by Eq. (18) with Eq. (11) used for S 1 and Eq. (15) used for S 2 , the result being
Note that C E = C and D E = D.
Extended system S E is exit-plane focal if 
Because f = x 0 we see that Eq. (31) is equivalent to Eqs. (8) and, hence, Le Grand's first condition is proved.
Condition for undistorted images of distant objects
A system satisfying Eq. (30) produces sharp retinal images of distant objects. The images are usually distorted however. To find the condition that makes images also free of distortion we turn to Eq. (29) and apply Eq. (30). We then apply Eq. (14) but written for extended system S E . The result is
where C ÀT is the common abbreviation for (C À1 ) T . It follows that, applied to S E , Eq. (28) becomes 
or a reflection matrix
These matrices are found in standard texts (for example : Friedberg, Insel, & Spence, 2003, pp. 382-384) . For the stick figure in Fig. 1 R h represents anticlockwise rotation by angle h and R h reflection in the meridian at h. The diagonal elements of R h are identical and the offdiagonal elements differ only in sign. The opposite is true of R h . Rotation includes the special cases R 0 ¼ I (no rotation) and R 180 ¼ ÀI (inversion). Because the minus sign can be absorbed into l we can regard both of these special cases as representing no rotation. The condition that images are undistorted can therefore be written
where R = R h or R h . Now R ÀT = R. Hence
that is, the divergence C E is a scalar multiple of a rotation or reflection matrix. For the stick figure in Fig. 1 , object point O moving clockwise around the circle would result in clockwise movement of image point I if R is given by Eq. (34) (rotation) and anticlockwise movement if R is given by Eq. (35) (reflection). Rotation preserves chirality or handedness; reflection reverses it.
Inspection of C E readily reveals a system free of distortion: if (a) the diagonal elements of C E are the same and the off-diagonal elements sum to zero or if (b) the off-diagonal elements are the same and the diagonal elements sum to zero then the image is free of distortion but its chirality is reversed in (b).
Substituting from Eq. (37) into Eq. (23) we obtain
In the first case we see that
and in the second case
Because of Eq. (31) the two cases also imply g ¼ h and l ¼ Àk; Comparison of Eqs. (40)- (43) with Eqs. (9) and (10) shows that Le Grand's second condition, that is, for an undistorted retinal image is incomplete. It is not sufficient that his condition (Eq. (9)) be satisfied; it is also necessary that a = Àb (Eqs. (40)). A numerical example below illustrates the point. Eqs. (41) show that Le Grand's second condition is also not necessary. However Eqs. (41) do not represent situations that arise in ordinary applications in optometry and vision science. Eyes typically have dioptric powers that are roughly positive scalar matrices; c = Àd seems all but impossible for them. We expect the same for an eye combined with a compensating spectacle or contact lens. Nevertheless systems that satisfy Eqs. (41), for example an eye with an optical device in front of it, are realizable (Sudarshan, Mukunda, & Simon, 1985) .
Condition for images of distant objects that are undistorted and unrotated
Restricting R to I provides the necessary and sufficient condition that sharp images are both undistorted and unrotated, namely that
or, in other words, that the divergence C E is a scalar matrix. In Le Grand's symbolism the conditions are
a result obtainable from Eqs. (40).
Objects at finite distances
Having obtained conditions under which distant objects form sharp and undistorted retinal images we now turn to the case in which objects are at finite distances.
Consider an object point O. It lies at transverse position y O in object plane T O which is at reduced longitudinal position f O relative to entrance plane T K of extended system S E (the whole eye or the whole eye with optical instrument in front of it). O may be real (f O 6 0) or virtual (f O > 0) though for convenience, and without loss of generality, we shall think of it as real. Of course, in most cases, the medium between O and the eye is air and so f O is also the actual longitudinal position of O.
Let S 0 represent the homogeneous space between T O and T K and S 0E the compound system from the object plane to the retina. Properties of S 0E can be distinguished by means of subscript 0E. S 0E consists of S 0 followed by S E and, hence, because of Eq. (18), its transference is
where 0 denotes a property of subsystem S 0 . Because of Eqs. (29) and (15),
The bottom block-row is not needed in what follows. Consider Eq. (28) written across compound system S 0E and for rays from object O. We now impose the condition that object O form a sharp retinal image. Then S 0E is conjugate and from Eq. (28) we find that
the reason being that A 0E = A E (from Eq. (47)) and B 0E = O because of conjugacy (every ray from O arrives at the same point y on the retina).
B 0E = O is the condition, necessary and sufficient, for a sharp retinal image. Because of Eq. (47) this condition can be written
for f O -0 and
for f O = 0. Provided disjugacy B E is nonsingular Eq. (49) can also be expressed as
In the limit as f O goes to ±1 Eq. (49) reduces to Eq. (30), the condition that distant objects map to sharp retinal images. Thus the case of distant objects becomes a special case of the case of objects at any distance.
Recognizing the left-hand side of Eq. (51) as F 0 , the cornealplane refractive compensation required for seeing distant objects clearly (Harris, 1999) , we see that the condition for sharp retinal images can be expressed as
which comes as no surprise. Eq. (48) represents a linear transformation of object transverse position to image transverse position; dilation A E is, therefore, a generalized magnification (Harris, 2010b ) of object to retinal image. The equation is identical in form to Eq. (33) with y O replacing À _ na 0 , for example, and A E replacing C
ÀT
. Hence, with appropriate replacements, all the material of Section 5 applies for objects at finite distances as well. It follows that the necessary and sufficient condition for the retinal image to be undistorted is that A E be a scalar multiple of a rotation (Eq. (34)) or a reflection (Eq. (35)) which we can write as
Scalar multiplier m represents scalar magnification, that is, conventional magnification or magnification independent of transverse direction. Inspection of A E reveals a system free of distortion in the same way as inspection of C E reveals a distortion free system for distant objects.
The condition for the image also to be unrotated is R = I, and, hence,
In other words the ametropia A E is a scalar matrix.
It is easy enough to rewrite these conditions in terms of the entries of Le Grand's matrix (Eq. (1)). However there seems little point in doing so because the equations turn out to be inelegant, Le Grand (1945) did not consider objects at finite distances, and, anyway, we already have the conditions in the form of Eq. (52) or Eq. (50) for sharp images, Eq. (53) for images that are also undistorted, and Eq. (54) for images that are also unrotated.
Examples
Consider the reduced eye, a simple model eye of power 60 D. In linear optics the power is the scalar matrix F = 60I D and, hence, by Eq. (17) The following example is chosen to illustrate the point that Le Grand's condition (Eq. (9)) is not sufficient, that it is indeed possible for the retinal image to be distorted despite the fact that his condition is satisfied. A model eye has three refracting surfaces. The first surface (the 'cornea') has principal meridional power 42:09 Df61 g37:71 D, that is, 42.09 D along the principal meridian at 61°and 37.71 D along the other principal meridian. The second and third surfaces (the anterior and posterior surface of the lens) have powers 2 D{81°}7 D and 14 D{126°}4 D respectively. The reduced distance from the first to the second surface is 4.6 mm, from the second to the third 6.5 mm and from the third to the retina 11 mm. These are numbers rounded from numbers chosen to illustrate the theory; they are artificial and not intended to be realistic.
To calculate the transference of each refracting surface we can make use of Eqs. (3)- (5) (Le Grand's equations) but we need to insert the missing factor 1 2 (see discussion after Eq. (17)); they give A, B, and C which we arrange as in the bottom-left 2 Â 2 submatrix of Eq. (2) to make the dioptric power F. We reverse the sign to give the divergence C (Eq. (17)) and substitute into Eq. (16). Eq. (15) gives the transference of each of the homogeneous gaps. Multiplying the six transferences in reverse order by repeated use of Eq. (18) The top-left submatrix of S E is null. Thus the condition (Eq. (30)) for formation of sharp images is satisfied; the eye is emmetropic. However divergence C E is not a scalar multiple of a rotation (Eq. (34) ) or a reflection matrix (Eq. (35)); thus the condition for formation of an undistorted image is not satisfied. Calculation shows that a distant circle will produce an elliptical retinal image with diameter at 45°approximately 6.3% bigger than at 135°.
For this model eye Le Grand's (1945) Eqs. (8) are satisfied and, hence, by Le Grand's first condition images are sharp in agreement with the conclusion above. However Eq. (9) is also satisfied (as is Eq. (10)). By Le Grand's second condition, then, the retinal images should also be undistorted, a result in conflict with what we have already seen.
Concluding remarks
For an eye, or for a compound system of eye and optical device in front of it, the necessary and sufficient condition that a sharp retinal image will be formed of a distant object is that the top-left 2 Â 2 submatrix A E of the system's transference S E be null (Eq. (30) ). The condition, also necessary and sufficient, that the sharp image be undistorted is that the bottom-left submatrix, the divergence C E , is a scalar multiple of either a rotation matrix or a reflection matrix (Eq. (37)). For an image to be sharp, undistorted and unrotated the necessary and sufficient condition is that the bottom-left submatrix of the transference be a scalar matrix (Eq. (44) ). Le Grand's condition for a sharp image (Eqs. (8)) is equivalent to the condition that A E be null. However Le Grand's condition for a sharp undistorted image (Eq. (9) or Eq. (10)) is not in complete agreement with the condition described above; his condition is neither necessary nor sufficient. A numerical example considered above is of a model eye for which Le Grand's condition is satisfied but for which retinal images are in fact distorted. In order to exhibit the effect, however, we have had to select a model that is rather extreme.
For a reflection matrix the diagonal entries of the divergence, that is, of the bottom-left submatrix of the transference, have the same magnitudes but opposite signs. It is quite possible for the combination of an eye and an optical instrument to satisfy this condition. Images have reversed chirality. On the other hand it seems highly unlikely for any eye, or any eye compensated by means of a spectacle or contact lens, to satisfy this condition. Diagonal entries typically are comparable (around À40 to À60 D) and have the same sign. It would seem safe, therefore, to drop the reflection matrix from consideration in ordinary applications in optometry and the vision sciences. If one does so Eqs. (41) fall away as a condition for the formation of undistorted images. Le Grand's condition (Eq. (9) or Eq. (10)) then becomes a necessary but not a sufficient condition. Nevertheless in many traditional applications the distortion is likely to be small and the visual system may be able to adapt to or otherwise tolerate it. Le Grand's condition may then be sufficient in practice.
For objects at finite distances Eq. (52) is the condition for sharp retinal images and Eq. (53) the condition for images that are also free from distortion.
It seems appropriate to make some remarks concerning Le Grand's matrix M defined by Eq. (1). Although at first sight it may seem equivalent to the ray transference S, M is in fact the inverse of S (Eq. (20)). An attractive feature of Le Grand's matrices is that, for a compound system, the order of matrix multiplication matches the order of the subsystems (Eq. (7)), whereas transferences multiply in reverse order (Eq. (18) ). It follows from Eq. (25) that Mq = q 0 .
In other words, for a given optical system, M is a (symplectic) linear operator that operates on the state of a ray at emergence from the system (q, defined by Eq. (27)) to give the state of that ray at incidence (q 0 , defined by Eq. (26)). In this sense, then, relative to transference S, his matrix works backwards (compare Eq. (25)). There is no reason, however, to believe that Le Grand (1945) thought of or used his matrix in this way. It is also important to note that when Le Grand applies his matrix to the eye he writes it, not for the whole eye, from just anterior to the corneal tear film to just anterior to the retina, but to just posterior to the lens of the eye; in other words his matrix is for the eye excluding the vitreous.
Our objective here has been to formulate theoretical conditions on an eye, or eye and visual aid, that projects images onto the retina which are sharp, or sharp and free from distortion. The conditions are general and hold for any eye, astigmatic or not, with or without any visual aid. In order to apply the conditions we need to know the ray transference of the system which we can calculate if we know the curvatures and separations of refracting surfaces and refractive indices of the eye and any device in front of it. The limitations are those of the optical model we have used, namely linear optics. We have not been concerned with the more challenging and practical problem of whether or not, for any particular eye, surgery or optical device can produce a system that does satisfy these conditions.
